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A B S T R A C T  

Let P be a convex d-polytope without triangular 2-faces. For j  = 0 . . . . .  d - 1 
denote by Ji(P) the number of j-dimensional faces of P. We prove the lower 
bound f;(P) _> ~ (Cj) where Cd is the d-cube, which has been conjectured by 
Y. Kupitz in 1980. We also show that for anyj equality is only attained for cubes. 
This result is a consequence of the far-reaching observation thai such polytopes 
have pairs of disjoint facets. As a further application we show that there exists only 
one combinatorial type of such polytopes with exactly 2d + 1 facets. 

1. Introduction 

In d - d i m e n s i o n a l  Euc l idean  space E d, d _> 3, let (pd be a class o f  convex 

d - d i m e n s i o n a l  po ly topes .  F o r  P E 63d and j -- 0 . . . . .  d - 1 deno te  by f j ( P )  

the  n u m b e r  o f  j - d i m e n s i o n a l  faces o f  P. The  ques t ion  is to de t e rmine  

i n f [ f j ( P ) ] P  C (pd] and to characterize those P E (pd which have the smallest pos- 

sible number  o f  j - f aces  for  g iven j .  Wi th in  the class o f  all convex poly topes ,  e.g. ,  

exact ly  the simplices have min imal  number  o f  vertices or  facets.  

I f  6 ~d is the class o f  d -po ly topes  with a given number  o f  facets,  this quest ion 

has been s tudied for  abou t  twenty years (see [9, p. 183]), but  little seems to be 

known (see [7, p. 129]). I f  in addi t ion  the polytopes  of  (pal are simple, we have the 

f amous  l ower  b o u n d  t h e o r e m  which has been proved  in [1], [2] and  [3]. 

A n  interest ing class o f  po ly topes  is the class (P~ o f  d -po ly topes  wi thout  t r ian-  

gular  2-faces or, equivalently,  without a face which is a pyramid.  In 1980 Y. Kupitz 

con jec tu red  that  i n f [ f , ( P ) [ P  E 63r~] equals  the number  o f  j - f aces  o f  the d-cube  

(see [1 1]). This has been proved in [4] and [5], but  only for s imple poly topes  resp. 

for cer ta in  values o f j  such as most results in this field. 
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Here the conjecture of  Y. Kulzitz is proved without any additional assumption. 

We show 

THEOREM 1. Let P be a d-polytope without triangular faces and let Cd be the 

d-cube. Then 

( . )  fj(P) >~fj.(Cd)= 2 d - J ( ~ ) ,  O < _ j < _ d -  1. 

Furthermore, i f  equality is attained for  some j E [0 . . . . .  d - 1 ], then P is com- 

binatorially equivalent to Cd. 

This yields a simple characterization of the d-cube within a general class of poly- 

topes. Note the interesting fact that the minimal polytopes of  (pd are simple. 

The abundance of faces of the polytopes of  (pal comes from an interesting 

property of them, namely, that they have a pair of disjoint facets. We even have 

THEOREM 2. Let P be a d-polytope without triangular faces. Let F be any facet 

o f  P. Then there exists a facet F'  disjoint f rom E 

By Theorem 1 a polytope of (pal has at last 2d facets. The (d - 2)-fold d-prism 

(see [9, p. 56]) with basis a pentagon is a polytope of (pal with 2d + 1 facets. 

These are the only such polytopes: 

THEOREM 3. Let P be a d-polytope without triangular faces and with exactly 

2d + 1 facets. Then P is a (d - 2)-fold d-prism with basis a pentagon. 

We shall use the following terminology and notation. Let P be any convex 

d-polytope. We put f_~ (P) := 0 and fd (P)  := 1. P is said to be cubic if it is com- 

binatorially equivalent to the cube. If all facets of P are cubic, P is called cubical. 

A vertex of P is called simple provided it is contained in exactly d facets. A sub- 

facet of P is a (d - 2)-face of P. 

2. Proof  of  Theorem 2 

Let P be a convex polytope and let 0P be the boundary complex of P. A shell- 

ing of OP is a labelling {Fl . . . .  ,Fm] of the m =fd-~ (P) facets of P so that for 
= .. ("11 I s--I S 2,. ,m -- 1 the set Fs ,-,i=l F/is homeomorphic to a ( d -  2)-ball (see e.g. 

[13, p. 173]). It is well known that OP is shellable. There even exist special shellings: 

LEMMA 1. Let p be a vertex o f  P. Then there exists a shelling 

{ El, F 2 . . . . .  Fk . . . . .  Fm } o f  OP SO that p E Fi i f  and only i f  1 < i <_ k. 

This is proved, e.g., in [12]. It may also be proved by a small modification of 

the original proof  of shellability in [8], see [6, Lemma 7]. 
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We prove Theorem 2 by duality. Thus we show: Let P* be a d-polytope in 

which each (d-3)-face is contained in at least 4 facets. Let p be any vertex of  P*. 

Then there exists a vertex p '  of P* such that no facet of  P* contains both p 

and p'. 

We assume that this is not true. This means that every vertex of P* is contained 

in a facet through p. 

By Lemma 1 there exists a shelling {Fj,F2 . . . . .  Fk . . . . .  F,,} of 3P* so t h a t p  

F~ if and only if 1 _< i < k. We have k <_ m - 2, since in case k = m - 1 the poly- 

tope P* were dual to a pyramid always having a triangular face, in contradiction 

to the required property of  P*. Hence D := Fk+l N U~=t F, is homeomorphic to 

a (d - 2)-ball. 

Therefore D contains a (d - 2)-face D~. This is a proper face of Fk+~, so Fk+l 

contains at least one vertex q ~ DL. By assumption every vertex of P* is contained 

in U ~ F , ,  thus q E D. Since D is homeomorphic to a (d - 2)-ball, it follows that 

D contains a (d - 2)-face D 2 such that D j n  D 2 is a (d - 3)-face K. 

We have D~ = Fk+~ N Fro, D2 = Fk+l n Fn for certain m,n <_ k and m :~ n. 

Fm N Fn contains K and p, and using p ~ F~+~ we have p ~ K, hence Fm N F,, is 

( d -  2)-dimensional. So K is contained in the facets Fm, Fn, Fk+l which pairwise 

intersect in a (d - 2)-face containing K. Consequently the (d - 3)-face K is con- 

tained in precisely these three facets in contradiction to the required property 

of  P*. 

3. Proof of Theorem I 

We begin with two remarks on d-dimensional cubic polytopes Ca. 

(i) The numbers f~ (Cd) may be calculated from fj (C2) by induction on d 

according to 

f j (Cd)=2 f j (Cd  l )+f j - l (Ca-~) ,  O<_j<_d-1 ,  d>_3. 

(ii) Let P be a cubical d-polytope. I f  P has two disjoint facets containing all the 

vertices of  P, then P is cubic. 

We prove Theorem 1 by induction on the dimension d. The corresponding state- 

ment for d = 2 is obviously true and we assume that Theorem 1 is true in dimen- 

s i o n d - l > _ 2 .  

For d >_ 3 let P be a d-polytope without triangular faces. Let F be a facet of  P, 

then F also has no triangular faces. So by induction hypothesis we have 

~ ( F )  -->Jj(Cd ,), 0 <j--< d -  2, 

and if equality is attained for s o m e j  E [0 . . . . .  d - 2}, then F i s  cubic. 
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By Theorem 2 for every facet F~ of P there exists a disjoint facet F2 of P. 

A j -face of  F~ and a j-face of  F~ are then disjoint (0 ___ j _< d - 1). Furthermore 

every ( j  - 1)-face of  F¿ ( j  :~ 0) is contained in a j -face of  P different from a 

j - face of  F1 or F2. From all this and (i) we obtain 

( : )  fg(P)  > f j ( F 1 )  +f~(Fz)  +f j_~(F~) > 2fj(Ca_~) +fj--~(Cd-~) =fg (Cd) ,  

O < j < d - 1 ,  d > 3 ,  

which proves the inequality (.). 

Now we assume that  equality is at tained in (*) for some given 

j E [0 . . . . .  d - 1]. Then we have equality in (**) in any position. An equality sign 

in the second position of (*) yields fj.(Fl) =fj (Cd 1) a n d f j _ l ( F l )  = f j - l ( C d  1)- 

Because j ~ [0 . . . . .  d - 21 o r j  - 1 E [0 . . . . .  d - 21 we have by induction hypoth- 

esis that F~ is cubic. Since F~ is any facet of  P we see that P is cubical. 

An equality sign in the first position of  (*) yields, i f j  = 0, that all the vertices 

of  P are vertices of  FI or F2. Then by (ii) P is cubic. 

An equality sign in the first position of (*) yields, i f j  > 0, that a j - face  of  P is 

either contained in F1 or in F, or intersects F~ in a ( j  - 1)-face. In this case it also 

intersects ~ in a ( j  - 1)-face, because the roles of  F1 and F 2 may be changed 

without loss of  generality. So all the vertices of  P are vertices of  F1 or Fz, hence 

P is cubic by (ii), which completes the proof.  

4. Proof of  Theorem 3 

LEMMA 2. There does not ex&t a cubical d-polytope with exactly 2d + 1 facets. 

PROOF. Let us assume that P were a d-polytope with exactly 2d + 1 cubic facets. 

If  P were simple, then P itself were cubic and so would have 2d facets. Hence there 

exists a vertex of P which is not simple; let F be a facet through this vertex. Be- 

cause F is cubic, F therefore intersects at least 2 ( d -  1) + 1 facets. Since all the 

facets of P are cubic, P has no triangular faces and so by Theorem 2 there exists 

a facet F '  disjoint f rom F. 

Thus the facets of  P are the disjoint facets F and F',  2 (d  - 1) facets intersect- 

ing F in a (d - 2)-face, and exactly one facet Fo intersecting F in a < (d - 2)-face. 

For d = 3 the proof  is then easily completed. For d ___ 4 we observe that each 

(d - 2)-face S of P is contained in at least one facet different f rom F0, thus S is 

either contained in F or it is disjoint from F or it intersects F in a (d - 3)-face. But 
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Fo contains a (d  - 2)-face intersecting F in a < (d  - 3)-face, which leads to a 

contradict ion.  

A (d  - 2)-fold d-prism with basis a pentagon will be called briefly a 5-prismatic 

d-polytope. Thus a 5-prismatic d-polytope is a pentagon for d = 2, and it has 5 cu- 

bic facets and 2d  - 4 5-prismatic facets for d _> 3. 

We prove Theorem 3 by induction on the dimension d. The corresponding state- 

ment for d = 2 is obviously true, and we assume that Theorem 3 is true in dimen- 

s i o n d - l _ > 2 .  

So let P be a d-polytope without triangular faces and with exactly 2d + 1 facets, 

d _> 3. By Theorem 2 every facet o f  P has then at most  2d - 1 subfacets, so every 

facet is either cubic by Theorem 1 or 5-prismatic by induction hypothesis. Thus a 

facet of  P is 5-prismatic if and only if it has a 5-prismatic subfacet. Furthermore,  

by Lemma 2, P has at least one 5-prismatic facet F. 

Then the facets o f  P are F, a facet F '  disjoint f rom F according to Theorem 2, 

and the facets FI . . . . .  F2,t i intersecting F in a subfacet. Thus every vertex of  F is 

simple. Then for d = 3, P can easily be seen to be 5-prismatic. 

So assume d>_ 4. Then F h a s  exactly k :-- 2 (d  - 1) - 4 5-prismatic subfacets, 

thus without  loss o f  generality FI . . . . .  Fk are 5-prismatic, and Fk+~ . . . . .  Fk+5 = 

Fzd 1 may be cubic. F '  has at least 2 (d  - 1) _> 6 subfacets and so intersects at 

least one of  the FI . . . . .  Fk in a subfacet, which is 5-prismatic because F N F '  -- O. 

Hence F '  is 5-prismatic. 

Thus the vertices of  both F and F '  are simple. Since any vertex of  F or F '  is con- 

tained in a 5-prismatic subfacet o f  F resp. F ' ,  it is contained in a 5-prismatic facet 

intersecting both F and F '  in a 5-prismatic subfacet. These two facts yield that the 

graph of  P (i.e., the complex of  the vertices and edges of  P)  is that of  a 5-prismatic 

polytope.  Since by [6] or [10] a simple polytope is uniquely determined by its 

graph,  P is 5-prismatic. 

5. Concluding remark 

From Theorem 2 there immediately follows 

THEOREM 4. Let P be a convex polytope. Then the following properties are 

equivalent: 

(1) P has no triangular 2-faces. 

(2) No face o f  P is a pyramid. 

(3) Let Fj be a j-face o f  P. Then for  every ( j  - 1)-face F i 1 C Fj there exists a 

disjoint ( j -  1)-face ~'_] C Fy. 
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